We study the Higgs condensation H = t t mechanism in the Top-mode Standard Model at the next-to-leading order in 1/N c . The calculation includes the effects of the Goldstone fields, but not the effects of the transverse components of the electroweak gauge bosons. The resulting effective theory is parametrized by means of a finite energy cut-off Λ at which the condensation is supposed to take place. Demanding that the next-to-leading order contributions not dominate over the leading order ones, we get a rather low bound for the cut-off: Λ = O(1TeV). QCD effects can change the results somewhat, but the basic conclusions remain unchanged. The inclusion of the Goldstone degrees of freedom tends to decrease the bound on Λ .
Introduction
The idea that the Higgs mesons could be bound states of heavy quark pairs has been developed and worked on in a series of papers by various authors ( [1] - [4] , and references therein), motivated by an earlier work of Nambu and Jona-Lasinio (NJL) [5] . The bound states (condensates) are treated in these works either in the leading-N c approximation, or in a form that takes into account part of the effects beyond the leading-N c -by using improved Schwinger-Dyson equations, or renormalization group equations (RGEs). A particularly transparent NJL-type framework, containing the essential features of the mentioned idea of condensation, is the Top-mode Standard Model (TSM) Lagrangian, known also as the BHL (Bardeen-Hill-Lindner) Lagrangian [3] .
In a recent work [6] , we studied the next-to-leading order (ntl) contributions in the (1/N c )-expansion in the TSM by including quadratic fluctuations of the composite Higgs H = t t in the effective potential V eff . The existence of a non-trivial minimum in the effective potential led us to the conclusion that the cut-off Λ is bound from above: Λ ≤ Λ crit ≈ 4.7m phys t for N c = 3. In [6] , contributions related to components of the massive electroweak gauge bosons were not considered.
QCD effects were included, but their impact was found to be small. We considered the effective potential as a function of a hard mass term λσ 0 of the top quark, parametrized by the expectation value σ 0 of a composite (initially auxiliary) scalar field σ.
In the present work, we continue the work of ref. [6] . We show that the inclusion of the "scalar" longitudinal degrees of freedom of the electroweak gauge bosons W and Z (i.e., of the three composite Goldstones) at the ntl-level does change the numerics substantially, but does not change the basic conclusion of the paper [6] . The cut-off remains in the region O(1 TeV). As a matter of fact, the Goldstone contributions at the ntl-level tend to decrease the cut-off even further.
The model and the effective potential
In the Top-mode Standard Model (TSM) Lagrangian [3] , a truncated gauge-invariant 4-fermion interaction at a high energy scale E ∼ Λ is assumed to be responsible for the creation of a composite
Here, a and b are the color and i the isospin indices,
, and L 0 kin contains the usual gauge-invariant kinetic terms for fermions and gauge bosons. The Lagrangian (1) leads to an effective framework for the minimal Standard Model. It can be rewritten in terms of an additional, as yet auxiliary, scalar isodoublet Φ, by adding to it the following quadratic term 1
The resulting Lagrangian reads
where H, G (0) , G (1) and G (2) are the Higgs and the three real Goldstone components of the auxiliary complex isodoublet field Φ, and M 0 is an unspecified bare mass term for Φ (at E ∼ Λ) 2 . These fields will eventually become the physical Higgs and the "scalar" longitudinal components of the massive electroweak bosons through quantum effects. We ignore in (3) the transverse components of W ± and Z and all the lighter quarks which we assume to be and remain massless. It can be shown that the massless Goldstones discussed here correspond to the Goldstone degrees of freedom of W ± and Z in the Landau gauge (ξ → ∞); incidentally, in this gauge, the ghosts do not couple to the scalar degrees of freedom and therefore they (the ghosts) do not contribute to the effective potential [8] .
The effective potential V eff (H 0 ) of the Higgs field H can then be calculated in Euclidean space by means of the following formula
where we seth = 1. The bars over space-time components, derivatives and momenta from now on denote Euclidean quantities. Ω is the 4-dimensional volume (formally infinite). We note that the effective potential is the energy density of the ground state when the order parameters H 0 = H and G (j) = 0 (j = 0, 1, 2) are kept fixed. Next, we integrate out the quark degrees of freedom, and expand the resulting expression in powers of h(x) = H(x) − H 0 , G (j) (x) (j = 0, 1, 2), including up to quadratic fluctuations. We thus obtain
where the integrals over J j (j = 0, 1, 2) and J h represent the corresponding δ-functions in (4) , and the translationally invariant operatorB 0 as well as the scalar fluctuation operator δB can be written in 2 The physical results will be independent of the value of M thex-basis as
In (6), a and b are color indices, g 0 = M 0 √ G, and the 2 × 2 matrices are in isospin space. The first two terms on the r.h.s. of (5) represent the leading-N c contribution V
eff to the effective potential, while the exponential terms related to the quadratic fluctuations of the scalar fields lead to the full next-to-leading (ntl) contribution V (1) eff . The path integrals corresponding to these terms are of the Gaussian type and can be explicitly evaluated. Proceeding in close analogy to [6] 3 , we obtain the following:
where the leading-N c contribution is
and the ntl-term is
We denoted
andÂ n andÂ ch are the kernels of the Gaussian path integrals corresponding to the contributions of the neutral scalars H , G (0) , and charged scalars G ± , respectively:
The Fourier transforms of these kernels arẽ
Here, tr f means tracing over the 4 × 4 spinor matrices. The integrals in (12), as well as the one in (8) ,
are regularized by means of a simple spherical cut-off Λ f for the fermionic (top quark) momenta |k|.
We note that (K n ) 11 and (K n ) 22 are truncated 2-point Green functions corresponding to a (tt)-loop carrying two external Higgs legs, and two neutral Goldstone legs (with momentump), respectively.
Analogously, K ch corresponds to a (bt)-loop with two external legs of the charged Goldstones. The tracing over the colors led to factors
eff and in front of K n,ch in V (1) eff . The tracing in (9) is over spinor space and the momentum basis, involving a second integral over the bosonic momentap (cf. also ref. [6] ). We introduce for these momenta a second spherical cut-off:p 2 ≤ Λ 2 b , where subscript "b" stands for "bosonic" (note: Λ b ∼ Λ f ). We then rescale all the momenta {k 2 ,p 2 } → Λ 2 f {k 2 ,p 2 }, and introduce the following dimensionless quantities:
,
The resulting expressions for the leading-N c term Ξ (0) and the ntl-term Ξ (1) are
Subscripts H, Gn and Gch correspond to contributions from the Higgs, neutral Goldstone and charged Goldstone degrees of freedom, respectively. The dimensionless 2-point Green functions are defined as
The expressions for Ξ (0) and Ξ (1) can also be rederived diagrammatically by summing up terms corresponding to the 1-PI Green functions depicted in Figs. 1 and 2 (cf. also [6] ).
The minimization of the leading-N c part of Ξ eff leads to the familiar leading-N c gap equation
connecting the cut-off Λ f , the 4-fermion coupling strength G and the leading-N c approximation m
to the mass of the top quark
This condition shows that the parameter a(> 1) is a number of O (1), and should be regarded as a quantity O(N 0 c ) in the (1/N c )-expansion, as already done in eqs. (13)- (15). Next-to-leading order information connecting the bare mass m t (Λ f ), the cut-off Λ f and the 4-fermion coupling strength G, can be obtained by consistently minimizing Ξ eff at each order in (1/N c )-expansion.
where:
Inserting (19) into (18), taking into account (13) for Ξ eff and demanding that the coefficients at each power of (1/N c ) are zero, we obtain the following relations:
The ntl-gap equation (20) determines the change of the ratio
Next, we turn to mass renormalization corrections:
. It is straightforward to check that there are no leading-N c contributions to these corrections, so that only the 1-PI diagrams shown in Fig. 3 must be taken into account (cf. also [6] ).
At the ntl-level there are three separate contributions, coming from the Higgs, neutral Goldstone and the charged Goldstone, respectively (cf. Fig. 3 )
Calculations and summations of the diagrams of Fig. 3 in Euclidean space yield
The expressions above were obtained by summing up the corresponding Green functions of and solve (18) (with: Ξ eff = Ξ (0) + Ξ (1) /N c ) without assuming (19), we would encounter singularities in the integrals overp 2 , suggesting that such an approach does not guarantee the masslessness of the Goldstones. These singularities would correspond to the appearance of small nonzero squares of masses for the Goldstones, and they would cancel away only when higher order terms O(1/N 2 c ) were included in Ξ eff . Analogous considerations apply also to δ(ε 2 ) ren. .
We have numerically calculated the ntl-changes (21) and (23), based on the integrals (14)- (15) and (24)- (26). The integrals over the squaresp 2 of the normalized bosonic momenta were performed using the following explicit expressions for the normalized 2-point Green functions (16)
where we have defined:
The parameters A, B and a j (j = 1, 2, 3) denote the expressions
The partial derivatives ∂J X /∂ε 2 (X = H, Gn, Gch), needed for the calculation of the integrand of ∂Ξ (1) /∂ε 2 in the ntl-gap equation (20)- (21), are obtained directly from (27).
The input value for the integrations was the parameter a = N c GΛ 2 f /8π 2 of (13) and (17), which is essentially a dimensionless measure of the strength of the original 4-fermion coupling G in (1).
We also had to choose a specific value of the ratio of the cut-offs Λ b /Λ f (= O(1)). As suggested by the diagrams of Fig. 2 , realistic choices in the present framework of simple spherical cut-offs have: t /Λ f (cf. (17)), cannot decrease beyond a certain critical value, and that the resulting ratio m ren.
t /Λ f cannot be smaller than a critical value (m ren.
t /Λ f ) crit. correspondingly. Consequently, the cut-off Λ f cannot exceed an upper bound (Λ f ) max (we took: m ren. Table 1 (columns [3] [4] [5] [6] , where, in addition, we included in the last four columns the results when only the Higgs effects (without Goldstones) were taken into account. Comparing the two sets of results, we conclude that the Goldstone degrees of freedom change the numbers substantially. However, in both cases, we are led to the same qualitative conclusion: the cut-off Λ f does not surpass O(1 TeV). For Λ b /Λ f = 1 the calculations show that the negative ntl-contribution δ(ε 2 ) (ntl) (=δ(ε 2 )
ren. ) is under the inclusion of the Goldstone contributions always stronger than the leading-N c one:
Looking more closely upon the contributions of the various degrees of freedom to the "gap" ntlshift δ(ε 2 ) gap of (21) and to the mass renormalization ntl-shift δ(ε 2 ) ren. of (23), for the cases displayed in Table 1 , the following picture emerges: the Higgs and each one of the three Goldstone degrees of freedom contribute comparable negative values to δ(ε 2 ) gap ; the Higgs and the charged Goldstone degrees of freedom contribute each a negative value and the neutral Goldstone a weaker positive value to δ(ε 2 ) ren. , leading thus to a negative δ(ε 2 ) ren. . Consequently, both δ(ε 2 ) gap and δ(ε 2 ) ren. are negative, and |δ(ε 2 ) gap | is larger than |δ(ε 2 ) ren. |, usually by more than a factor of 2 (δ(ε 2 ) gap ≈ −0.3, −0.15, −0.05, for Λ b /Λ f = 1, 0.707, 0.5, respectively). It turns out that |δ(ε 2 ) ren. |/ε 2 0 < ∼ 0.3 when ε 2 0 → 0. On the other hand, δ(ε 2 ) gap remains relatively stable as ε 2 0 → 0; δ(ε 2 ) gap is thus identified as the source of the observed "1/N c -nonperturbative" behavior, unlike δ(ε 2 ) ren. . Finally, the leading part of QCD effects was included. The "gap" part is represented by the contributions coming from the diagrams of Fig. 2 , where the internal dashed lines represent now the gluon propagators (in Landau gauge). The momentum integrals were regulated by means of a propertime cut-off 1/Λ 2 f for the quarks and 1/Λ 2 b for the gluons. The corresponding contribution to Ξ (1) to be added in (15) was derived in [6] 
Above, we denoted by a gl the QCD coupling parameter: a gl = 3α s (m t )/π ≈ 0.105. The (proper-time regulated) 2-point Green function J gl appearing in (30) is
where we denoted by E the integral
We point out that expression (30), unlike (15), turns out to be numerically almost equal to its 2-loop approximation (obtained by the replacement:
being only a fraction of a percent.
The leading QCD m t -mass renormalization effect comes from the 2-loop version of the diagrams of Fig. 3 , where the dashed line is now the gluonic propagator. The proper-time cut-off gives (cf. [6] )
QCD effects give positive contributions to δ(ε 2 ) gap and to δ(ε 2 ) ren. . The contribution to the "gap" ntl-shift δ(ε 2 ) gap is by about one order of magnitude smaller than the corresponding contribution of the scalars to this quantity. On the other hand, the positive QCD contribution to δ(ε 2 ) ren. is larger by a factor of 3-5, and it is comparable to the positive contribution of the neutral Goldstone to this quantity. Altogether, δ(ε 2 ) ren. is still clearly negative under the inclusion of QCD effects, and δ(ε 2 ) gap remains negative and with a substantially larger magnitude than δ(ε 2 ) ren. (by a factor of 2 or more). In Table 2 , we display the results analogous to those of Table 1 , but now these QCD effects are included.
Comparing Table 1 and Table 2 , we see that the inclusion of QCD changes the results rather modestly.
The basic result remains the same: as long as we demand that the leading-N c gap equation have at least a qualitatively predictive power, the cut-off Λ f (∼ Λ b ) cannot surpass O(1 TeV).
In conclusion, we mention that other authors have studied ntl-effects in the TSM and in related frameworks [9] - [11] . The authors of [9] calculated ntl-contributions to critical exponents of the fields within NJL-type models at the fixed point, i.e., at the location of the non-trivial zero of β-function, for various dimensions d. The implications of [9] in relation to 4-dimensional NJL-type models at low energy and with finite cut-off are not clear and would deserve investigation. When concluding the present work, a somewhat related work by K. Akama [10] came to our attention. Akama investigates the ntl-effects by considering the compositeness condition, i.e., the condition that the renormalization constants of a composite scalar field and of its self-interaction parameter are zero. He reaches the conclusion that the ntl-effects for N c = 3 are substantially stronger than the leading-N c contributions and lead to physically unacceptable results: negative Higgs mass, negative Φ 4 -coupling, etc. Furthermore, Lurié and Tupper [11] had earlier considered the compositeness condition and took into account at least some of the effects beyond the leading-N c , arriving at qualitatively the same conclusion as Akama -that 1/N c -expansion diverges. We note that these three authors treated the TSM as a renormalizable Yukawa-type model (without gauge bosons) plus the compositeness condition, similar to (but not identical with) the approach of BHL [3] . Thus, they implicitly assumed large cut-offs Λ, in the sense that ln Λ-terms would entirely dominate over the Λ-independent parts. Consequently, the results of Akama, Lurié and Tupper appear to not contradict the results of the present paper -i.e., that the TSM can be interpreted at the ntl-level in a straightforward manner only if Λ = O(1 TeV), and that it may be difficult or impossible to interpret the model if Λ > O(1 TeV). Table 2 m ren. we have chosen the cut-off ratios Λ b /Λ f = 1/ √ 2, 1/2; "sc" indicates quantities for the case when all four scalar degrees were taken into account at the next-to-leading (ntl) level; "H" indicates quantities when only the physical Higgs degree of freedom was taken into account at the ntl level. We identify m ren. Table 2 , but this time for the case when, in addition, the leading part of the QCD (two loop) effects was taken into account. 
